RIGIDITY RESULTS FOR WREATH 
PRODUCT Hi FACTORS 

ADRIAN IOANA 

Abstract. We consider Hi factors of the form M = ® G N X G, where either i) N is a 
non-hyperfinite Hi factor and G is an ICC amenable group or ii) N is a weakly rigid Hi 
factor and G is ICC group and where G acts on &) G N by Bernoulli shifts. We prove that 
isomorphism of two such factors implies cocycle conjugacy of the corresponding Bernoulli 
shift actions. In particular, the groups acting are isomorphic. As a consequence, we can 
distinguish between certain classes of group von Neumann algebras associated to wreath 
product groups. 



0. Introduction. 

In recent years, Popa's deformation vs rigidity approach to the classification of von 
Neumann algebras has led to a series of striking results ([Pol, 2, 3, 5, 6]). Following his 
terminology, a von Neumann subalgebra Q of a finite von Neumann algebra N is 
called relatively rigid if any deformation of id^ by subunital, subtracial, completely 
positive maps {4> n } n converges uniformly to id^ on the unit ball of Q ([Pol]). In 
the case of algebras N which admit many deformations, Popa's strategy is to use 
these deformations in combination with the relative rigidity of Q. This in turn gives 
information about the subalgebra Q, which, ideally, reduces the study of the single 
algebra iV to that of the inclusion Q C N. 

A class of von Neumann algebras to which this philosophy has been successfully 
applied is that of crossed products associated to classical or non-commutative Bernoulli 
shift actions ([Po2],[Po3],[Po5]). In general, if (B,t) is a finite von Neumann algebra 
(referred to as the base) and G is a countable discrete group then the action a : G — > 
Aut((^) G S) given by a g (®hXh) = ^h^g-^hi f° r all g £ G is called the (B, r)-Bernoulli 
G- action. By analogy with the group case, we denote by B I G the crossed product 
(® G B) y\ a G and we call it the wreath product of N by G. 

Assume now that the base (B, r) is an abelian von Neumann algebra L°°(A, /i), or 
the hyperfinite Hi factor R, in which case we call the (B, r)-Bernoulli actions classi- 
cal, respectively non- commutative. Popa showed that such actions feature a powerful 
deformation property called malleability. In the case of a Bernoulli action of G on 
M = §Q G B, this amounts to the existence of a continuous action ^oflonM = M®M 
such that 6\{M (g> 1) = 1 ® M and 9t commutes with the double action a = a <g> a, 
for any t 6 R ([Po2],[Po5]). Using the malleability property in connection with de- 
formation/rigidity arguments, Popa proved that if Q C M G is a relatively rigid 
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von Neumann subalgebra whose normalizer generates a factor, then Q can be unitarily 
conjugated into L(G) ([Po2]). 

Turning to Bernoulli actions with the base (B, r) an arbitrary finite von Neumann 
algebra, one can ask whether Popa's result on detecting relatively rigid subalgebras of 
the associated wreath products still holds true. To answer this question we observe 
that although, in general, such actions are not malleable, they do satisfy a weaker 
deformation property, which we call weak malleability. More precisely, we let M = 
<S) G [B * & be the Bernoulli G-action on M and 8 t G Aut(M) be defined by 

@t = ®g6G(Ad(w t )), where u t = exp(£ log(tt)) for some Haar unitary u G L(Z) and 
for any t G R. Using these deformations and relying heavily on Popa's intertwining 
bimodule techniques ([Po2]) we prove the following dichotomy (Theorem 0.1.) for 
relatively rigid subalgebras of wreath product von Neumann algebras. Note that 9 t 
commutes with a for any t 6 1 and that 6\{M) _L M. However, since 6\{M) and M 
do not "boundedly" generate M, the proof is more involved than in the malleable case, 
treated in [Po2] and [Po5], being closer in spirit to the proof of 6.1. in [Po5] and of the 
main result in [IPP]. 

Theorem 0.1. Let (B,r) be a finite von Neumann algebra and G be a countable 
discrete group. Denote M = B I G and suppose that Q C M is a relatively rigid 
diffuse von Neumann subalgebra. If the normalizer of Q generates a factor P , then 
either we can find a unitary u G M such that uQu* C uPu* C L(G) or a corner of 
Q embedds into §Q F B, for a finite set F C G. Moreover, in the second case, if we 
assume that B is a factor, then we can find u G U(M) such that uQu* C and 
uPu* C YlgeK^®G^) u 9 f or some finite set K C G. 

Rigidity properties for wreath product groups and von Neumann algebras have also 
been studied by Martin and Vallette ([MV]) and Hayashi. 

Recall that a Hi factor N is called weakly rigid if it has a diffuse, relatively rigid, 
regular von Neumann subalgebra. Natural examples of weakly rigid factors are provided 
by group von Neumann algebras, L(H), associated to ICC weakly rigid groups H, i.e. 
groups which have an infinite, normal subgroups Hq such that the pair (H, Hq) has 
relative property (T) of Kazhdan-Margulis. 

Corollary 0.2. Let N, P be two weakly rigid II\ factors and G, H be two countable 
discrete groups. If 6 : NlG — > (PlH) 1 is an isomorphism for some t > 0, then we can 
find u G U((P I H) 1 ) such that 9{(§ G N) = u(® H P)V. In particular, G~H. 

On the other hand, if we assume the group G to be weakly rigid, then using methods 
from [Po5] we can show that any generalized 1-cocycle associated to any Bernoulli 
G-action is cohomologous to a character of G. In turn, combining this result with 
Corollary 0.2. we can provide a new class of Hi factors with trivial fundamental group. 
The existence of such factors has been an open problem for a long time, until settled 
in the breakthrough work of Popa ([Pol]). 
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Corollary 0.3. Let N be a weakly rigid II\ factor and G be a discrete group having 
an infinite relatively rigid subgroup. Then jF(iV I G) = {1}. 

In the second part of this paper we exploit a rigidity phenomenon coming from 
central sequences to prove the statement of Corollary 0.2. for wreath products N I G 
with G amenable and N a non-hyperfinite Hi factor. A first observation is that by 
Connes's characterization of injectivity ([Col]), N is a non-hyperfinite Hi factor iff all 
central sequences in N I G assimptotically lie in (£) G N. On the other hand, since G 
is amenable, we can use Ornstein- Weiss' Rokhlin lemma ([OW]) to construct many 
central sequences in N I G. 

Theorem 0.4. Let N be a Hi factor, let G be an infinite discrete group and denote 
M = N I G. Let u be a free ultrafilter on N. 

(i) If N is non-hyperfinite, then N' n M w C (J2) G N)" . 

(ii) Assume that G is amenable and that Q C M is a regular von Neumann sublal- 
gebra such that M' n M w C . Then a corner of ® G N embedds into Q. 

Corollary 0.5. Let N, P be two non-hyperfinite II\ factors and G, H be two countable 
discrete groups, one of them amenable. If : N I G ^ P I H is an isomorphism, then 
we can find u &U(P I H) such that 9((£) G N) = <S) H P. In particular, G ~ H. 

This paper is organized as follows: in section 1 we review Popa's techniques for conju- 
gating subalgebras of a finite von Neumann algebra and we derive several consequences. 
Section 2 is devoted to defining the notion of weak malleability and to discussing con- 
sistency and examples: we prove that it indeed generalizes Popa's malleability (Propo- 
sition 2.2.) and that arbitrary Bernoulli shift actions are weakly malleable (Proposition 
2.3.). 

In section 3, we first prove a general statement (Theorem 3.3.) asserting that rigid 
subalgebras of a crossed product iV x CT G coming from a weakly malleable action a must 
have a corner which embedds either into the core N or into the group algebra L(G). 
Furthermore, if a is a Bernoulli shift action, then we can make this statement more 
precise, thereby proving Theorem 0.4. The proofs of the above mentioned vanishing 
cohomology result (Corollary 4.3.) and of Corollaries 0.2. and 0.3. are the subject of 
section 4. 

Section 5 deals with central sequences in wreath product factors and uses a result of 
Jones ([Jol]) to conclude part (i) of Theorem 0.4 (Corollary 5.4.). In the last section 
we complete the proof of Theorem 0.4. and then we derive Corollary 0.5. 

1. Technical results. 

We begin this section by reviewing Popa's intertwining bimodule techniques. 

Theorem 1.1 ([Po2]). Let (M, r) be a finite von Neumann algebra and let Q,BcM 
two von Neumann subalgebras. Consider the following conditions: 
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(i) There exists a G Q'C\ < M, e# >, a > 0, a 7^ 0, Tr(a) < 00. 

(ii) There exist non-zero projections p G V(B),q G V(Q), an unital homomorphism 
ip of qQq into pBp and non-zero partial isometry v G M such that vv* G (qQq)' H 
gMg, u*?; G ^>(qQq)' H pMp and aw = vip(x),Vx G oQg. 

(iiij For aZZ ai, 02, .., a n G M, £ > 0, i/iere exists -u G smc/i t/iat | |£^s(ajwa*)| (2 <| 

£,Vz,j = l,.,n. 

(iii) ' For any group U C such thatU" = Q and for all a±, 0,2, .., a n G M, £ > 0, 
there exists u <EU such that \\E B(a,iua*j) W2 < £,Vi, j = 1, .,n. 

T/ien (i)<p=3> (H) -<=>- non(iii)<=>- non(iii)'. 

If condition (ii) in the above theorem holds true we say that "a corner of Q embedds 
into B inside M" . For most applications we will use Popa's theorem to prove (ii) and 
to do this we will reason by contradiction, assuming that (iii) (or (in)') holds true. 
Next, we note a few corollaries. 

Corollary 1.2. Let (M, r) 6e a finite von Neumann algebra and let Qi, Q2, B C M be 
von Neumann subalgebras such that Qi is generated by unitaries which normalize Q2 
(e.g. if[Qi,Q2] = ®)- Let 61,62 > 0, with 61 + 62 < 1 and assume that either 

(i) Q t C £i S,Vz G {1,2} or 

(ii) B C M is regular (i.e. Nm(B)" = M) and there exist finite dimensional left 
Hilbert B-modules Hi C L 2 (M) such that Qi C £l Hi. 

Then a corner of Q = (Q\ U Q2)" embedds into B inside M . 

Proof. Let U = {uiu 2 \ui G U(Qi),i = l,2,uiQ 2 «i = Q2} C U(Q). Then by the 
assumptions that we made U is a group and U" = Q. 

(i) Since Qi C Si B, i = 1, 2, we deduce that 

\\uxU2 - £?b(«i)^s(«2)||2 < ||«l(«2 - #b(«2))||2 + ||(«1 ~ («l) )-#B M 1 12 

< 61 + 62, V-u = witt 2 £ 

hence 

||-E , _ B (ltiM 2 )||2 > 1 - £l - £2 = 5 > 0, Vw = UxU2 G W. 

Thus, condition (Hi)' in the previous theorem fails, hence (ii) holds true. 

(ii) Let w be a free ultrafilter on N and let M C M u be the von Neumann algebra 
generated by B u and Mm(B). The hypothesis then implies that Q^ C Si A/", i = 1,2 
and the same estimate as above gives that 

||^(t/)|| 2 >5>0,Vt/= (u n ) n ,u n eU. 

Assuming that no corner of Q can be embedded into B inside M, we can find 
«„eW,B>l such that 

lim \\E B (xu n )\\ 2 = 0, Wx G M. 
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If we denote U = (u n ) n , then U _L xB u ,\fx G M, thus Ej^(U) = 0, a contradiction. ■ 

The first part of the following result is a consequence of the proof of Proposition 12 
in [OP] . We refer the reader to this paper for a proof. 

Corollary 1.3 ([OP]). Let M be a Ih factor and N C M a subf actor. Let B = N'nM 
and assume that Q C M is a von Neumann subalgebra such that a corner of it embedds 
into B. 

(i) If Hm{Q)" and B are factors, then there exists t > 0, a decomposition B®N = 
B^N 1 / 1 and u G U{M) such that uQu* C £*. 

(ii) If Q and B are abelian and Nm{Q)" is a factor, then there exists u G U(M) 
and a partition of unity 1 = Yl7=i Ii ^ n N such that uQu* C ©" =1 Bqi. 

If B is a finite von Neumann algebra with a faithful normal trace r and X is a 
countable set, then we denote by (£) X B, the infinite tensor product ® x ex{B) x with 
its natural trace, ® xe x(r) x . 

Definitions 1.4- Let (B,r) be a finite von Neumann algebra and G be an infinite 
discrete group acting on a countable set X. The action a : G — > kut((£) x B) given 

by c r (fi f )(®(«x)x) = ®(fl s - 1 x)x7 for all g G G and a = (a x ) x G X B , is called the 
(B,t)- Bernoulli (G rx K)-action ([Po5]). The wreath product B lx G is then defined 
to be the crossed product von Neumann algebra (&) X B) x a G. Note that if H is a 
countable discrete group, then L(H) lx G = L(H lx G), where H lx G is the wreath 
product group H x x G. 

In the case X = G (endowed with the left action of G given by mutiplication), we 
define the wreath product of B by G to be B I G = (<§Q G B) » ff G and we call a the 
(B ,r)- Bernoulli G-action. 

The next lemma gives control over the normalizers of certain subalgebras of <S) X B 
inside B lx G. More generally, we consider product actions % = a x (3 : G — > 
Aut(((^) x B)<S>P) given by n(g) = a(g) <E> (3(g), for all g G G, where a is defined as 
above and j3 : G — > Aut(P, r) is an action on a finite von Neumann algebra (P, r). 

Lemma 1.5. Let M = [(<^ X B)^P] x^ G and let Q be a diffuse von Neumann subal- 
gebra of (<£) L B)®P , for some subset L of X . If no corner of Q embedds into P(e.g. 
if P = CI then 

M M (Q)C ^[((g) x B)®PK, 

gEK 

where K = {g G G\3x, y G L,gx = y} and {u g } gE G denote the canonical unitaries 
implementing tv. 

Proof. Let w = J2 g a g u g G Mm{Q) and denote 9 = Ad(w)\Q G Aut(Q), thus 

a 9 n g(y) = 8(y)a g ^g G G,Vy G Q. 
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Now, let a = (® x exd x ) ®u,b = (® x exb x ) <S> i> G (<S> X B) ® P-> where a x , b x G P, for 
all x G X, only finitely many different from f , and u, v G U{P). We claim that for all 
g G G\K, there exists a' G M, such that 

W E M L B)®P]( a *Mb)\\2 = \\E P (a'y)\\ 2 ,Vy G (® L B)®P. 

To see this, let g e G\K (i.e. such that #LnL = 0) and let G /} C L 2 (P) be an 
orthonormal basis. Write y G (0 L P)®P as y = ^2 ieI yi<S>^i, for some ?/j G L 2 (0 L P). 
Then there exists a", b" G <S> g L-^ an d c e sucn ^hat 

an g (y)b = ^ a'^giViW ® c ® u(3 g (^)v. 
iei 

Thus, 

H S K® £ B)®P](«%(y)&)ll2 = £k(c)|V(«'S(w)&'')l 2 = IIM«'v)ll2, 

where a' = |r(c)| a g -i(b"*a"). 

Since no corner of Q embedds into P, we can apply Popa's theorem (Theorem 1.1.) 
to find y n G U(Q), n > 1 such that 

lim ||P P (a'y n )|| 2 = 0,Va' G M. 

n^oo 

Using the above claim and norm- 1 1 . 1 1 2 approximations we deduce that 

^\\ E m L B)®P]( a °9(yn)b)\\2 = 0,V# & G\K, Va, b G ((g) x P)®P 
Combining this with the inequality 

\r(a g a g (y n )a g *0(y n *))\ < \\E [( ^ LB) ^ p] (a g a g (y n )a* g )\\ 2 , 

we get that lim^oo \T(a g a g (y n )a g *6(y n *))\ = 0, for all g G G \ K. On the other 
hand, T(a g a g (y)a g *9(y*)) = r(a*a 3 ), for all y G U(Q), thus a 3 = 0, for all g G G\_ftT.B 

Corollary 1.6. Let N be a II\ factor, G be a countable discrete group and denote 
M = N I G. Suppose that Q C M is a von Neumann subalgebra such that Mm{Q)" 
is a factor and that a corner of Q embedds into <S> L N , for some finite set L C G. 
Then there exists u G U(M) and L',K C G finite such that uQu* C and 
uJ\fM(Q)"u* C ^2 ge K('S>G-^) u 9- Moreover, if Q C (£) L N, then we can take u = 1. 

Proof. If we denote B = (g) L N, then both B and B' f] M = (£) X \ L N are factors. 
Thus, since Hm{Q)" is a factor, by part {%) of Corollary 1.3., we can find u G U(M) 
and t > such that uQu* C ((g) L iV)* C (^ L A r )*®(® x \L iV ) 1/ *- 

If we let g G G \ L and denote L' = L U {g}, then since N is a factor we can 
assume that uQu* C (0_ L iV) t 0iVg * = ® L ,N. Finally, Lemma 1.5. implies that 
utf M {Q)"u* C E^k^g^K, where K = L'L'~ X . 
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2. Weakly malleable actions. 

The notion of malleability (see the definition below) has been introduced and used 
extensively by Popa in [Po2] , [Po3] , [Po5] and [Po6]. Examples of malleable actions 
include both classical Bernoulli shift actions (i.e. of the form G rx ® G L°°(A, /i), 
where (A, fx) is a probability space) and non-commutative Bernoulli shift actions (i.e. 
of the form G rx where R is the hyperfinite Hi factor or a matrix algebra, 

M n (C),2 < n < oo). 

If we consider Bernoulli shift actions with the base (N, r) an arbitrary finite von 
Neumann algebra, then such actions are not malleable in general. However, we can 
prove that Bernoulli shift actions satisfy a weaker version of Popa's malleability. In 
the next two sections we will show how results on malleable actions (e.g. "locating" 
rigid subalgebras of the associated crossed products, calculating 1-cohomology) can be 
extended to weakly malleable actions. 

Definition 2.1. An action a of a countable discrete group G on a finite von Neumann 
algebra (N, r) is called weakly malleable if there exists a finite von Neumann algebra 
(N, f) containing N with t\n = t, an action a : G — > Aut(A, f ) and a continuous 
action 9 : R — > Aut(A, f ) such that the following hold: 

(1) . a(N) = N and a\ N = a. 

(2) . [6 t ,(r(g)] = 0,VteR,VgeG. 

(3) . There exists an orthonormal basis J\f C N of L 2 {N) such that if F C M is 
finite, then there exists F C N, K C G finite sets such that for all x, y G A/", g e G \ K 
and £, 77 G F we have that 

If^xCy*)^^*))! < ^ Ir^^^)!^^^^))!. 

(4) . There exists A C N a weakly dense *-algebra such that 

lim sup \\E N ((a - E N (a))xa g (b - E N (b)))\\ 2 = 0, Va, b G A. 

f^ 0O x6L2 (Ar)) || x || 2 < 1 

Moreover, if a is a mixing action, i.e.: 

(5) . \\TQ. g ^ 00 T(xa g (y)) = r(x)r(y),\/x, y G N, 
then is called weakly malleable mixing. 

Note that condition (3) is equivalent to the existence of a finite set F C N such that 
r(0i(y*)£r<7 s (7/*)) = 0, Vx, y E N Q Fa g (F),Vg e G\K, V^, 77 G F. 
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Using this observation it follows that if cr; : G — > Aut(Aj, Tj) are two weakly malleable 
actions, then the product action a : G — > Aut(Ai®A 2 , n ® T2) given by a(^) = 
Ci(fi0 ® 02(g), for all # G G, is also weakly malleable. Also, remark that conditions (4) 
and (5) imply that a is mixing. 

Recall from [Po2] that an action a of a discrete group G on a finite von Neumann 
algebra A is called (tracial) malleable if there exists finite von Neumann algebra A 
containing A an action a : G — > Aut(A, r) and a continuous action # : R — > Aut(A, r) 
such that conditions (1) and (2) hold true as well as the following: 

(6) . (A^(A)n^(A)r = ^(A). 

(7) . sp^A^A) = A. 

(8) . T(x6 1 (y)) = T(x)T(y),Vx,yeN. 

Proposition 2.2. Any (tracial) malleable mixing action is weakly malleable mixing. 

Proof. Let a : G — > Aut(A C A) be a tracial malleable mixing action and let 
: R — > Aut(A) be the continuous action given by the definition of malleability. To 
prove that is weakly-malleable, we need to show that conditions (3) and (4) are satisfied. 

Let {i] n } n > C A be an orthonormal basis for L 2 (A). Using condition (8), we get 
that N = {6'i(?7m) ? 7n}m,n>o is an orthonormal family of A. Also, it is immediate that 
sp M is ||.|| 2 dense in sp 6>i(A)A. Since by condition (7) sp™6>i(A)A = A, we derive 
that sp M is weakly dense in A. 

This implies that Af is an orthonormal basis for L 2 (A) and since Vm, n, p, q > 
0, Vx, y G A and Wg G G we have that: 

T(0i(y*)0i(Vm)VnXO- g (Vq8i(Vp))) = ^ (a g (l]*)y* l] m )T (l] n Xa g (l]*)) , 

it follows that condition (3) holds true. 

To prove condition (4), let Q = J\f^(N) n 6>i(A). Then A = sp QN C A is a weakly 
dense *-subalgebra. Remark that if u G then by projecting onto A in the equality 

Ad(u)(x)u = ux,Wx G A, we get that 

t(u) [Ad(u) (x) - x)] = 0, Vx G A. 
Let a = ux,b = vy E A with u,v E Q,x,y E N . Then for all £ G L 2 (A) and for all 

£V((a - E N (a))£a g (b - E N (b))) = E N ((ux - r(u)x)£a g (vy - r(v)y)) = 



T(uo- g (v))[Ad(u)(x£)(Tg(y)} - r(u)r(v)[x^a g (y)} = 
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[r(ua g (v)) - r{u)r{v)}[Ad(u){x^a g {y)}. 

Since a is mixing we have that lim^oo \r(ucr g (v)) — t(u)t(v)\ = 0. Combining this 
with the inequality 

||Ad(«)(xO^(y)||2 < IN||M]||e||2,Ve G L 2 (N), 

we conclude that lim^^ sup C6L2( - A r) i || C || 2=1 | \E N ((a - E N (a))£a g (b - E N (b))) | | 2 = 
for all a, b G A of the above form. As such elements span A, the proof is complete. ■ 

Proposition 2.3. Let G be a countable discrete group and let (B, r) be a finite von 
Neumann algebra. Then the Bernoulli shift action a : G — > Aut((£) G B) is weakly 
malleable mixing. 

Proof. Define B = B * L(Z) and let u G L(Z) be the canonical generating Haar 
unitary. Let h = h* be a hermitian element such that u = exp(ih) and set Ut = 
exp(ith), for all t G R. Let N = (g) G B, N = ® G B and let a : G -> Aut(AT) be the 
Bernoulli shift action, which clearly extends cr. Then 9 : H. — > Aut(iV) given by 

#t(® 3 a s ) = ® 5 Ad(w t )(a s ), V* G K,Va = (a g ) g G A 

defines a continuous action of K. on N which commutes with a. Thus, to prove that a 
is weakly malleable, we only need to check conditions 3 and 4 in Definition 2.1, while 
mixingness is a well-known property of Bernoulli shifts. 

Through the Gram-Schmidt procedure we can produce B = {1 = 770 , 771 , . . } an 
orthonormal for L 2 (B 7 t) such that B C B and that sp B is a *-algebra (i.e. 77*, r?;?^ e 
sp B,Vi,j). Then an orthonormal basis for B is given by 

B = {u ni i] jl u n2 ...i] jk \j 1 , .., j k -i,n 2 , ~,n k > 1, k G N} = {?? n } n >o. 

Also, we have that A/" = {77/ = ® 3 ??i g ||{(7 G 7^ 0}| < 00}, and J\f = {fjj = 

®gVi a \\{9 G G\i g 7^ 0}| < 00} are orthonormal basis for N and N, respectively. For 
a = ® g a g G N, we define supp(a) = {g G G\a g 7^ 1} and if S is a finite collection of 
such elements of N, then we set supp(S') = U a6 s supp(a). 

To prove that condition 3 in definition 2.1. holds true, let F C N be finite. Note that 
since B* C sp B, we have that di(y*)x,x*9\(y) G sp J\f,Vx,y G A/". Thus, there exists 
FcJV finite such that if x, y G A", rj e F, then T(6 1 (y*)xrj*) 7^ or T(6 1 (y*)rjx) 7^ 
implies x,y <E F. 

Let if C G be a finite set such that for all (7 G G \ AT, A = supp(-F) and B g = 
supp(a 3 (F)) are disjoint. Fix g e G\K and set C 9 = G \ (A U Given x,y e J\f, 
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write x = xa® x Bg ® x Cg and y = va® UB g <S> Vc g -, where x D ,y D G M are supported 
on D, for every set D G {A, B g , C g }. Then, we have that 

Thus, if r{9\{y*))^xa g(v*)) 7^ 0, for some £, rj G F, a;, y G A/", then by using the freeness 
and the above we deduce that 

xc g = yc g = 1, x Bg ,yB g g a g (F),x A , yA e F, 

hence that x,y G Fa g (F). 
Altogether, we have that 

r(9 1 (y*^xa g (r ] *)) = 0, 

VgeG\K,Vt, V e F,Vx,ye (A/" xjV) \ ((Fa 3 (F)) x (Fa g (F)), 
which proves (3). 

Finally, note that (4) is verified for A = sp M (which is a *-algebra since sp B is), 
since if a, 6 G A/" \ Af then the supports of a and the cr g (6) become disjoint, as g — > oo, 
hence aNa g (b) _L A/", for (7 outside a finite set. ■ 

For the next lemma, assume the same context as in the proof of Proposition 2.3. 
and define M = N xi a G, M = N x\ B G. Since [9 t , a g ] = 0, for all t G R and all jeG, 
we have that 9 t extends to an automorphism of M (still denoted 9 t ), which leaves 
invariant M. 

2.4 Lemma. Let P C M be a von Neumann subalgebra. Suppose that there exists 
t > 0, a projection p G P, a non-zero partial isometry v G M satisfying v*v < p and 
9t(x)v = vx, for all x G pPp. Then there exists g G G, F C G finite and c > such 
that 

\\E mF§] {9 t {u)vu* g )\\ 2 > c,VueU(pPp). 

Proof. Write v = J2 g eG v g u g^ wnere v g £ N an d let g G G be such that v g 7^ 0. The 
hypothesis implies that 9 t (x)v g — v g a g (x),Wx G pPp. 

For e > 0, let v' g G AT such that F = supp(i^) is finite and \\v g — v' g \\2 < e. Thus, 

||6> t (z)i/ -v' g a g (x)\\ 2 < 2e,Vx G (pPp)i. 

Note that 9 t (x)v' g e H = £ 2 ([® GVF 0t(5)]®[® F £]), for all x G pPp. Hence, if we 
denote by T the orthogonal projection onto H, then 

\\T(v' g a g (x)) - v' g a g (x)\\ 2 < As, Vx G (pPp)x. 
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Now, observe that if x G B, then Eg t ( B )(x) = \T(u t )\ 2 9 t (x). Using this observation 
it is easy to see that if £ G L 2 ([(g) G \ F P]®[(g) F P]), then 

linOIll < \r(u t )\ 4 m\ 2 2 + (1 - |rK)| 4 )||^ F ^(0lli 
Applying this inequality to £ = v' g a g (x) with x G pPp and using the fact that 

\\T{v' g a g {x))\\l > \\v' g a g {x)\\l - (4e) 2 ,Vx G (pPp)!, 
we further get that 

(1 " IrK)! 4 )!!^^]^^))!! 2 > (1 - \r(u t )\')\\v' g a g (u)\\l - {Aef > 

(1 - \r(u t )\ 4 )(\\v g \\ 2 - ef - {Aef^u G U(pPp). 
If we choose e sufficiently small, then we get that there exists c > such that 

\\ E \® F B]( v 9 a 9( u ))\U > c,VueU{pPp). 

Finally, since 

E m F B]( v 9 a 9( u )) = E [® F B]( vuu g) = E [® F B]( 9 t( u ) vu g)i yu G ui V p V), 
we are done. ■ 



3. Relatively rigid sub algebras of wreath products 

In this section we use the deformation properties of weakly malleable actions to 
obtain conjugacy results for rigid subalgebras of the associated crossed products. 

Notation 3.1. Throughout the next two sections, we fix a weakly malleable action 
a : G -> Aut(A). Let N D N and a : G -> Aut(A), 6 : R -> Aut(A) be as in 
Definition 2.1. Define M = N xi^G, M = N xi^G and denote by {-u g } se c? the canonical 
unitaries implementing the action of G on N. Since the action 6* : R — > Aut(AT, r) 
commutes with a, it extends to a continuous action 6> : R — > Aut (M,r), given by 

In the case A" = §Q G B for some finite von Neumann algebra, (B, r), and a : G — > 
Aut (A) is the Bernoulli G-action we will consider the context from the proof of Propo- 
sition 2.3. More precisely, we let N = (£) G (B * L(Z)), a : G — > Aut(A) be the natural 
extension of a and t G Aut(AT) be given by 6> t = ® 5e c(Ad('U t )) 5 , for all t G R, where 
lit = exp(£ log(it)), with u G L(Z) being the generating Haar unitary. 
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We begin this section by proving a technical result about intertwiners in alge- 
bras associated to weakly malleable actions. This result is analogous to Theorem 
3.2 in [Po2], which deals with the same problem in the case of malleable actions. 
The proof is based on the following principle from section 3 in [Po2] : assume that 
Q C N C M are finite von Neumann algebras such that there exists v n G U{Q) satisfy- 
ing lim^oo \\EN(xv n y)\\2 = 0, for all x, y G M N. If x G M is so that Qx C J2i x iN 
for some Xi G M, then x G N. 

Proposition 3.2. Suppose that Q C M is a von Neumann subalgebra such that no 
corner of Q embedds into N inside M. If x G M satisfies Qx C XiM for some 
xi G M, then x G M. In particular, Q' flM C M. 

Proof. Since no corner of Q embbeds into N, we can find a sequence of unitaries 
v n G U{Q), n > 1 such that 

lim \\E N (v n u*)\\ 2 = 0,VgeG. 

We claim that 

lim \\E M (xv n y)\\ 2 = 0,Vx,y G M e M, 

n^oo 

which by the discussion preceding this proposition, gives us the conclusion. 

Now, let A C N be the weakly dense *-subalgebra for which condition (3) in Defi- 
nition 2.1. holds true. By Kaplansky's density theorem it suffices to verify the above 
claim for x and y of the form x = (a — E^{a))uhi V = (b — Epf(b))uk, where a, b G A 
and h,k G G. Set a' = a - E N {a),b' = b - E N {b) and 

otg = sup \\a h -i(a')xa g (b')\\ 2 . 

xeL 2 (N),\\x\\ 2 <l 

Since a, b G A, condition (3) in Definition 2.1. gives that lim^oo a g = 0. 

Next, observe that E M (xv n y) = Y. g eG E N (a'a h (E N (v n u*))a hg (b'))u hgk , thus 

\\E M {xv n y)\\l = \Wh-i(a')E N (v n u*)a g (b')\\l < 
geG 

y^ag\\E N (v n u*)\\l<maxag^\\E N (v n u*)\\l+ sup a 2 

gTG G /• 

for every finite set L C G. Altogether, we get that lim n ^ 00 \\E M (xv n y)\\2 = 0, for 
every x,y as above, thus ending the proof. ■ 

Recall that if (N,r) is a finite von Neumann algebra, then a von Neumann subal- 
geba Q C iV is called relatively rigid if any deformation of id^ by subunital, sub- 
tracial, c.p. maps {4> n } n converges uniformly to id^ on the unit ball of Q, i.e. 
linin^oo sup a . e(Q)l \ \(f) n (x) - x\\ 2 = ([Pol]). 
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Theorem 3.3. Let a : G — > Aut(N) be a weakly malleable action and denote M = 
N xi o- G. Assume that Q C M is a relatively rigid von Neumann subalgebra. Suppose 
that 

(i) P = Mm{Q)" is a factor or that 

(ii) a is a Bernoulli shift action. 

Then a corner of Q embbeds into N or into L(G). 

The proof of this theorem is splitted into the following two lemmas. Before proceding 
to the lemmas, we note that the proof of Theorem 3.3. can be easily adapted to show: 

Theorem 3.3'. Let a : G — > Aut(N) be a weakly malleable action and a : G — > 
Aut(N') be an action. Denote M — (N®N') x ffXa G and assume that Q C M is a 
relatively rigid von Neumann subalgebra. Suppose that 

(i) P = Mm{Q)" is a factor or that 

(ii) a is a Bernoulli shift action. 

Then a corner of Q embbeds into N®N' or into N' x a G. 

Lemma 3.4. Assuming the context of 3.1. and 3.3., then one of the following is true: 

(a) There exists w G M, w^O such that 6i(x)w = wx, for all x G Q. 

(b) A corner of Q embedds into N. 

Proof. Since Q C M is rigid, Q C M is also rigid([Pol]). Thus, we can find 
F C M finite and 5 > such that if : M — > M is a normal, subunital, c.p. map 
with \\4>(x) - x\\ 2 < 6, for all x G F, then \\(j)(u) - u\\ 2 < 1/2, for all u G U{Q). In 
particular, since t — > 9t is a pointwise 1 1.| ^-continuous action, we can find n > 1 such 
that ||#i/ 2 ™(V) -u\\ < 1/2, Vu G W(Q). 

Let v be the minimal ||.||2 element of JC — co w {$i/2 n ( u ) u *\ u ^ U{Q)}. Then, since 
\\e 1/2 n(u)u* - 1|| 2 < 1/2, Vu G W(Q), we get that ||u - 1|| 2 < 1/2, thus u ^ 0. Also, 
since 9i/ 2 ™(u)lCu* = /C and \ \9i/ 2n (u)xu*\\ 2 = \\x\\ 2 , for all u G U(Q), we deduce, using 
the uniqueness of v, that 9\/ 2 n(u)v = vu, for all it G U(Q). 

Assume that (b) is false, i.e. no corner of Q embedds into N. We then claim that 
since 9i/ 2 n(u)v = vu, for all u G U(Q), then we can find w G M a non-zero partial 
isometry, such that 9\{u)w = wu, for all u G U(Q), which proves (a). To show this 
claim we treat separately the two cases. 

(i) P is a factor. Since no corner of Q embedds into N, then, in particular, no corner 
of P = Mm{Q)" embedds into N. We can thus apply Proposition 3.1. to deduce that 
F'flMc M. As by our assumption, P is a factor, or equivalently P'nM = CI, we get 
that F'flM = CI. Now, by the proof of Theorem 4.1. in [Po2], steps 1-3, combined 
with P' H M = CI we get the claim in the case (i). 

(ii) a is a Bernoulli action. Let (3 be the automorphism of iV given by (3\n = id\jq 
and /3((u) g ) = (u)* for all g G G. Then f3 commutes with a and thus it extends to 
an automorphism of M = N xi^- G. Moreover, (3 satisfies f3 2 = id, (39 t (3 = 9- t , for all 
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t e 1 and M C M^. Finally, the same computations as in the proof of Proposition 
3. 3. in [IPP], which use only the fact that Q'dM C M, quaranteed here by Proposition 
3.2. (since no corner of Q embedds into N), give us the claim in this case. ■ 

Lemma 3.5. Suppose that Q<zM = Ny\ a Gisa von Neumann subalgebra such that 
9\(x)w = wx, for all x e Q, for some non-zero partial isometry w G M. Then a corner 
of Q embedds into N or into L(G). 

Proof. Let M C N be an orthonormal basis for which condition (4) in Definition 2.1. 
holds. Then, let e G S = S~ x C G finite, F C H finite and v = k)eFxS a €,k£ u k 
such that \\v — w\\ 2 < ||w||2/3, where a^k G CI. Then it follows easily that 

|t(0i(u*)W)| > |H|^/5 > 0, Vw G U{Q). 
Claim. There exists a$ G N,i = l,n such that 

|r(0i(u>™>*)l < ^(ptfteiua/)!!! + ||^(G)(^a/)|||),V« G W(iV). 

Note that this claim combined with the above inequality gives that 

\\w\\ 2 2 /5< ^(||i? Ar (a^a/)||2 + ||i? L(G) (a^a/)||2),V W GW(iV). 

However, if no corner of Q could be embedded neither into L(G) nor into N, then by 
Popa's theorem (Theorem 1.1., see also [IPP]), given any ai, .., a n G M,e > 0, we can 
find u G W(Q) such that | \E L ^(aiua*)\ (2, ||£?jv(aiMa?)||2 < £ 5 Vz,j, a contradiction. 

To prove the claim, let it G U(N) and write -u = J2 g eG x 9 u 9' wnere x g = En(xu 9 *). 
Then a direct computation shows that 

t(6 1 (u*)vuv*) = ^ Oi^ k a^iT(e 1 (x g *)ia k (x k ^ gl )a g (n*)). 

geG,(^,k),( v ,l)eFxS 

By Definition 2.1.(4), we can find F C N,K C G finite sets such that for all x,y G 
N,g e G\K and £, 77 G F we have that 

|r(W)W?*))l < E 1^(^(6)1^(^^(772))!. 

Thus, if we let C = max^ k)eFxS \ a £,k\ 2 ' then 
|t(0i(u*)W)| < C E E |T(Ci^ 5 (C2)||T(r7i(7 fc (a; fe -i 5 /)(T 5 (r72))|+ 

S 6G\i : sr,A;,Z6S?7i,?72,ei,C2€F 
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C Wei{x a *)t<rk(xk-igi)<r a (ri*))\- 

g€K,(Z,k),( V ,l)£FxS 

Next, we estimate the first term: 

Y Y \ T ^i x 9 a g(^)\\T(m^k(x k -i gl )a g (r]2))\ < 

geG\K,k,leSvi,V2,ti,&£F 

l / 2 Y Y (\^lXg(Tg(^)\ 2 + \T(VlVk(x k ~l gl )a g ( V2 ))\ 2 ) = 

g€G,k,l€S m,V2,ii,&€F 

1/2 y (ii^(G)(ei«e2)iii + iis L(G) (a fc -iM«a,-i (fJa ))ii|. 

k,ies 

Similarly, for the second term we have: 

Y \ T (Ql( x g*)&k(Xk-igl)<7g(V*))\ 
g£K,(Z,k),( V ,l)€FxS 

<l/2max||£|| 2 Y (Il^lli + H^-Vlli) = 
^ eF g eK,k,ieS 

l/2max||£|| 2 Y (\\E N (uu g *)\\l + \\E N (uu k -i gl *)\\l). 
^ eF g eK,k,ieS 

Altogether, we get: 

|r(^K)^*)| < c Y ll£W^(£i*W£2*))|||+ 

C\SKS\max\\£\\ 2 Y \\E N (uu g *)\\l,VueU(N), 

^ EF geSKS 

thus proving the claim. 

Theorem 3.6. Let (£?, r) be a finite von Neumann algebra and let G be a countable 
discrete group. Denote M = BlG and suppose that Q C M is a relatively rigid diffuse 
von Neumann subalgebra. Then either 

(i) A corner of Q embedds into L(G). Moreover, in this case, if P = Nm(Q)" is a 
factor, then we can find u G U(M) such that uQu* C uPu* C L(G). 

(ii) A corner of Q embedds into §Q L B, for some finite set L. Moreover, in this case, 
if P = Mm{Q)" and B are factors, then we can find L' \ K C G finite and a unitary 
ue M such that uQu* C <g) L ,B and uPu* C J2 q eK(®G B ) u 9- 
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Proof. Following Theorem 3.3. we are in one of the following two cases: 

(i) A corner of Q embedds into L(G). 

If P is a factor, then since Bernoulli shift actions are properly outer and mixing, 
Theorem 3.1. in [Po2] implies that there exists u G U(M) such that uPu* C L{G). 

(ii) A corner of Q embedds into (£) G B. 

In this case we only need to show that the first assertion, i.e. that a corner of Q 
embedds into §Q L B, for some finite set L C G. The second assertion will then follow 
directly from Corollary 1.6. 

Since a corner of Q embedds into §Z) G B, we can find a von Neumann subalgebra 
P C (£) G B, projections q G Q,p G P, an isomorphism : pPp — > qQq and a non-zero 
partial isometry v such that vv* < q and <f>(x)v = vx, for all x G pPp. 

On the other hand, using the relative rigidity of Q as in the proof of Lemma 3.4. we 
deduce that if wt is the minimal norm-||.||2 element of JCt = co w {9 t (u)u*\u G U(qQq)}, 
then limt^o wt = Q an d &t{y)wt = wty, for all y G gQq 1 and t > 0. Since #t — > id as 
t — > 0, we have that limt^o 0t(v*)u>tv = v*qv = v*v. In particular, we can find t > 
such that 9t(v*)wtv ^ 0. Moreover, we have that 

t (a;)[0t(?;*)u; t ?;] = [9 t (v*)w t v]x , \/x e pPp. 

By Lemma 2.4., which applies since P C G B, we can find g G G, P C G finite and 
c > such that 

\\E mF ^(e t (uv*)w t vu* g )\\ 2 > c,VueU(pPp). 

Since uv* = v*(f)(u), for all u G U(pPp), (f>(U(pPp)) = Vi(qQq) and <§Q F B is invaried 
by 0t, the last inequality is equivalent to 

I \ E [® f b] (v*U6- t (w t v)u* g ) 1 1 2 > c, VU G W(gQg). 

Using the fact that Q C M, this is easily seen to imply that we can find ai, a 2 , .., a n G M 
and L <Z G finite such that 

E 1 1% £ b] la > c /2, Vt/ G W(gQg), 

which by Popa's theorem implies that a corner of Q embedds into <S) L B. ■ 

Corollary 3.7. Let (P, r) 6e a finite von Neumann algebra having Haagerup's property 
and let G be a countable discrete group. Denote M = BlG and assume that Q C M is 
a relatively rigid diffuse von Neumann subalgebra such that P = Mm{Q)" is a factor. 
Then there exists u G U(M) such that uQu* C uPu* C L(G). 
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Proof. By the last theorem we just have to show that no corner of Q can be embedded 
into ® L B for some finite set L C G. If we assume the contrary, then by Popa's theorem 
we can find q G V(Q),p G V(§Q L B), an isomorphism 9 : qQq — > p(<S> L B)p and a non- 
zero partial isometry i> G M such that #(a;)i> = vx, for alLr G (/Qg and v*v < q. 

Since B has Haagerup's property, we can find unital, tracial compact c.p. maps 
4> n : B — > B such that n converges to ids pointwise. Then $ n : M — > M defined 
by $ n = ®geG(<fin)g on <S>g^ an< ^ by = w s for g e G, gives a deformation 
of zc/m by unital, tracial, c.p. maps. Denote by : L 2 M — > L 2 M the induced 
bounded operator. Then L 2 (® L £?) is an invariant subspace for T$> n and <E> n 

is a compact operator. 

Since Q C M is rigid and $ n — > z'c/m pointwise, we can find A" G N such that 

||$n(» -X|| 2 < V^zIA 

for all x G (qQq)i and all n > N. Also, since $ n — > z'c/m, by Corollary 1.1.2 in [Pol], 
we get that 

lim SUp \\$> n (6(x)v) — $> n (6(x))v\\2 = lim SUp | \$> n (vx) — V$ n (x)\ | 2 = 0. 
n_>0 °a ! e(«Q«)i ' n ^°°xe(qQq)l 

Thus, using the equality 9{x)v = vx, for all x G qQq, we can find n > N such that for 
all x G (qQq)i we have that 

||$ n (^(x))t;-t;$ n (x)|| 2 < v^y/3. 
Combining this with the inequality 

||f$ n (w)||2 > \\vu\\2 — \ \v$ n (u) - VU\\ 2 > \ \v\\ 2 ~ \ \&n(u) ~ u\\ 2 > 

V^iq) - V^)/3 = 2 v^y/3, G U(qQq), 

we obtain that 

\\*n(e(u))v\\ 2 > yMq)/3,VueU(qQq). 

Now, using the fact that Q is diffuse we can find u m G U(qQq),m > 1 such that u m 
converges weakly to 0, thus 9(u m ) converges weakly to 0. Since 9(u m ) G (£) L B and 
T§ n \ L 2(jg) b) * s com P ac t, we deduce that lim m ^ 00 ||<l> n (0(w m ))|| 2 = 0, which contra- 
dicts the last inequality. 

We end this section by mentioning that a more general version of the above result 
holds true, with its proof following closely the arguments used above. 
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Corollary 3.7'. Let (B,r) be a finite von Neumann algebra having Haagerup's prop- 
erty and let G be a countable discrete group. Let (3 : G — > Aut(C) be an action of G on 
a finite von Neumann and define a : G — > Aut((® G B)<g>C) to be the product between 
the (B,t)- Bernoulli action and f3. Denote M = [((& G B)®C] x a G. If Q C M is a 
relatively rigid von Neumann subalgebra such that Mm (Q)" is a factor, then a corner 
of Q embedds into C XpG. 



4. Applications 

Theorem 4.1. Let G,H be two discrete countable ICC groups, let P and Q be two 
weakly rigid II\ factors and denote M = PlG,N = QlH. If 6 : M — > N f is an 
isomorphism for some t > 0, then there exists u G U(N) such that u9((£) G P)u = 

(®hQ)'- 

Proof. Assume that PlG = (QlH) 1 and denote by u g , Vh the unitaries implementing 
the actions of G and H, respectively. If Qo C Q be a relatively rigid diffuse subalgebra 
such that Hq{Qq)" = Q, then it is clear that (® H Q)* C N(QxHy{Qo)" • Now, since Q 
is a factor, we get that (® H Q)' n (Q I H) = CI, hence n (Q I Hf = CI. 

Combining the last two conclusions we deduce that J\f(QiH) t (Qo)" is a factor. Thus, we 
can apply Theorem 3.6. to the rigid inclusion Q l C M = P I G, to get u G U{M) and 
K C G finite such that either (i) uN^Q lH y{Q t )"u Sf C L(G) or (n) uJ\f^ QlH y(Q t Q )"u* C 

Next, we argue that (i) leads to a contradiction; if we assume (i) then Q := 
w(0 G (5)*w* C L(G). Note that Q is regular in M. On the other hand, since Q C L(G), 
Theorem 3.1. in [Po2] gives that Mm{Q) C L(G), a contradiction. 

Therefore, it follows that (n) holds true, hence u(<^) H QYu* C X] 5 6k((S'g-^ > )% 
for K G G finite. Similarly, we can find v G U(M) and L d H finite such that 
w((g) G P)z;* C J2heL(<8>HQ) tv h- Thus, we get two <S> G P - (<S> H QY Hilbert bimodules 
H,/Cc L 2 (M), which are finite dimensional over <S) G P and over (®^Q)*, respectively. 

Finally, since G and H are ICC groups, Theorem 8.4. in [IPP] can be used to derive 
the conclusion. ■ 

In [Po5], using deformation/rigidity techniques, the 1-cohomology of Connes-Stormer| 
Bernoulli shifts is calculated. In particular, it is shown that 1-cocycles for the non- 
commutative Bernoulli shift actions of a weakly rigid group are cohomologous to char- 
acters. Inspired by the results and ideas in [Po5] we show that the same result holds 
for Bernoulli action with arbitrary base. 

Let a be an action of a group G on a Hi factor N. Let p G V(N) be a non-zero 
projection and let w : G — > iV be a map such that w e = p and w g is a partial isometry 
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with w g w* = p, w*w g = cr g (p), for all g G G. If w g h = w g a g {wh), for all g,h G G then 
w is called a generalized 1-cocycle for a. 

Proposition 4.2. Let a : G — > Aut(N) be a weakly malleable mixing action and 
let w : G — > iV 6e a generalized 1-cocycle for a. Suppose that Go C G is an infinite 
subgroup such that there exists a non-zero partial isometry v G N such that $i(p)vp = v 
and that $i(w g )a g (v) = vw g , for all g G Gq. Then p = 1 and there exists u G U(N), 
7 : Go —> T o, character such that w g = 7 g , ua g ('U*), for all g e G . Moreover, if Go 
is normal in G, then w g = 7 g wcr g (w*), for all g G G, for some unitary u G N and a 
character 7 : G — > T. 

Proo/. We first claim that u G W = sp 9 X {N)N. 

Proof of claim. Since 7i is a 9\{N) — N bimodule, the relation $i(w g )a g (v) = vw g , 
for all g £ Go implies that 

e 1 (w g )a g (v - P n {v)) = (v - P n (v))w g ,Vg G G . 

Denote v' = v — Ph(v), then 0i(p)v'p = v' and Oi(w g )a g (v') = v'w g , for all g G Go- 
Using these identities we get that 

r(0i(VK«WO) = ^'V),V<7 G G . 

On the other hand, since a is weakly malleable, we can find F C N, K C G finite sets 
and c > such that for all x, y G N, g G G \ K we have that: 

Ir^CyV^CO)! < IKH1/2 + C max ^(yV^^O)!- 

i,j/£F(7 s (F) 

Thus, it follows that 

max \T(e 1 (y*)v'xa g (v'*))\ > \\v'\\ 2 2 /(2c),Vg e G \ K. 

x,yeFa g (F) 

Now, if x\, X2, yi, yi G F and g E G, then 

r(!M(yi<7 ff (y 2 ))>W^ 

Since ?/ _L 7i, we get in particular that r(9i{y*)v'x) = 0, for all x,y G F. Combining 
this with the fact that a is mixing we derive that 

lim r((e 1 (y 1 *)v'x 1 )a g (x 1 v'*e 1 (y 2 *))) = 0. 

This further implies that lim^oo max x iV £Fa (F) \ T (0i(y*) v ' xcr g( v '*)) \ = 0, hence v' = 
0, proving that v G Ti. 
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In the second part of the proof we use an argument due to Popa to show that p = 1 
and that w\q is cohomlogous to a character. Recall from Proposition 3.4. in [Po5], 
that 

gives a unitary representation of G on L 2 (pN). Also, if we denote by HS the Hilbert 
space of Hilbert- Schmidt operators on L 2 {pN), then 

a%(X) = <T™X<r™*,VX eHS 

gives a unitary representation of G on HS. 

Note that the claim implies that v lies in the Hilbert space /C = sp [9\(pN)(Np)] 
and satisfies 9i(w g )vw* = v, for all g £ Gq. Next we identify /C with HS in the natural 
way, by letting T(9 1 {x)y) = L x , y , where L x>y £ HS is given by L x ^) =< f, y* > x, 
for all x £ pA, y <E Np and £ £ L 2 (pN). Since 

< >= r^Myy'*) = Tr(L* x , jy/ L x , y ),Vx,x' epN,\fy,y' G Ap, 

it is immediate that T extends to a unitary T : (/C, <> T ) - ► (W«S, <>Tr)- 

Moreover, if £ £ /C and g £ G, then T^Wg)^)™*) = <7™(T(£)). Indeed, if 
x G pA, y G Ap, then it is easy to check that 

a™ (T(^i(x)y))) = ag(L XiV ) = L WgCTg{x))CTg{y)w * = 

T(e l (w g )a g (e 1 (x)y)w;). 

Using the last equality, we deduce that T(i>) G 7i<S is a fixed vector for the representa- 
tion CT|£f - Proposition 3.4. in [Po5] then implies that there exists a finite dimensional 
Hilbert space Hq C pN which is invariant to cr™ Go - Moreover, the finite dimensional 
vector space Hi = sp HqHq is invariant under (J\g - 

Since a is a mixing action and Go is infinite, u\g is weakly mixing, therefore we 
must have that H\ = CI. In particular, if £ £ Hq satisfies ||£||2 = 1, then = 1, i.e. 
£ is a unitary. Thus, £ is a unitary whose left support lies under p, hence p = 1. Also, 
since £ is a unitary and £,*Hq C Hi = CI, we must have that Hq = C£. This implies 
that there exists a character 7 : G — > T such that cr™(£) = w g a g (^) = 7(#)£, for all 
# £ Go- 
Thus, iu g = 7(<7)£crg(£*), for all (7 £ Go- If Go is normal in G, then using the 
mixingness of a it is immediate that £*w g cr g (£) £ CI, for all g £ G, which proves the 
conclusion. ■ 
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Corollary 4.3. Let (B, r) be a finite von Neumann algebra, G a countable discrete 
group and a : G — > Aut($$ G B) be the associated Bernoulli shift action. Let w : G — > 
® G -B 6e a generalized 1-cocycle. 

(i) If G contains an infinite relatively rigid subgroup, then p = 1. 

(ii) 7/ G contains an infinite normal relatively rigid subgroup, then H 1 (a;G) = 
Char(G). 

Proof. Denote M = B lG. By the hypothesis there exists Go C G infinite subgroup 
such that the pair (G, Go) has relative property (T). Then L(Gq) C L(G) is a rigid 
inclusion ([Pol]), thus Q = {w g u g \g G G }" C {w g u g \g G G}" is a rigid inclusion. 

This implies that Q C pMp is a rigid subalgebra and by applying Lemma 3.4. 
(although Q is not unital we can still apply Lemma 3.4. by working with suitable 
amplifications) we get that either there exists v G M, v ^ such that 9\{p)vp = 
v and 9\{x)v = vx, for all x G Q or a corner of Q embedds into (£) G B. Since 
lim^oo \ B (aw g u g b)\\2 = 0, for all a, b G M, we get that condition (in) in Theo- 
rem 1.1. holds true, thus no corner of Q embedds into (£) G B. 

Thus $i(x)v = vx, for all x G Q, which for x = w g u g , g G Go, gives that 9i(w g )a g (p) =| 
pw g , for all g G G . We can now apply Proposition 4.2. to finish the proof. 

Corollary 4.4. Let G be a group having an infinite relatively rigid subgroup and N be 
a weakly rigid II\ factor. Then F(N I G) = {1}. 

Proof. Denote N = (g) G iV and M = NlG. Let peV(N) and let a : M -> pMp C M 
be an isomorphism. Using Theorem 4.1. we can assume that a (N) = pNp. This further 
implies that we can find partial isometries w g G M such that w g w* = p, w*w g = o~ g (p) 
and that cx{u g ) = w g u g , for all g G G. Note that the relation a(u g h) = a(u g )a(uh), for 
all g,h G G implies that w g is a generalized 1-cocycle. 

Since G contains an infinite relatively rigid subgroup, by Corollary 4.3. we have 
that the support p of w must equal 1, thus F(N I G) = {1}. ■ 

4-5. Free products. Let (£?, r) be a finite von Neumann algebra and G be a countable 
discrete group. Define iV = * ge oB to be the free product of infinitely many copies of 
B indexed by G. Then, similarly to Proposition 2.3., it follows that the free Bernoulli 
action a : G — > Aut(iV) given by o~ g (*hXh) = *hX g - 1 h, f° r all g G G is weakly malleable 
mixing. Using an argument paralleling the proof of Theorem 3.6., we can prove that if 
QciVx^Gisa relatively rigid subalgebra whose normalizer generates a factor, then 
we can unitarily conjugate Q into L(G) or into for some finite set F C G. 

Let G\, G2 be two countable discrete groups. We claim that if Q C M = L(G\ *G2) 
is a relatively rigid diffuse subalgebra such that Mm{Q)" is a factor, then there exists 
u G U(M) and i G {1,2} such that uQu* C L(Gi) (equivalently, by [IPP], a corner of 
Q embedds into L(Gi)). Note that this reproves a particular case of Theorem 4.3. in 
[IPP]. 
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Let Q C M be as above and assume that no corner of Q embedds into L(Gi),i = 1, 2. 
Note that M decomposes in two ways as a crossed product coming from a free Bernoulli 
action: 

M = [*g ieGl (u gi L(G 2 )u* gi )} x G x = [* g2 eG 2 (u g2 L(Gi)u* g2 )} x G 2 . 

This implies, using the above discussion, that we can find ttj G U(M) and C Gi finite, 
for all % G {1, 2}, such that UiQu* C * gje F j (u gj L(Gi)u gj ), whenever {i,j} = {1, 2}. 
Further we get that there exists C Gj finite and n > 1 such that 

(Q)i c 1/3 W, = £ 2 ( £ u flJil L(G i )« flJ . a ... J L(G i )« 1 , J , n ),V{i, j} = {1, 2}. 

In other words, if Pi denotes the orthogonal projection onto Hi, then 

||a;-Pi(a;)|| 2 <l/3,Vxe(Q)i. 

Thus, 

||x-PiP 2 (x)|| 2 <2/3,Vxe (Q)i, 

which leads to a contradiction as P\P 2 is the orthogonal projection onto a finite di- 
mensional Hilbert space, while Q is a diffuse von Neumann algebra. 

5. Central sequences in wreath products. 

In connection with Connes' %(M) invariant, the following question has been studied 
in [Jol] and [HJ]: given a crossed product M = iV x CT G, with M,N finite von Neu- 
mann algebras, under what conditions are all central sequences of M assimptotically 
contained in iV? Note that if a; is a free ultrafilter on N, then this is equivalent to 
M' fl M u C A^^. If G is a non-inner amenable group, then the following stronger result 
holds true: L(G)' fl M w C ([HJ]). 

In [Jol], Jones showed that M'nM^ C iV" if we assume that is a full Hi factor (i.e. 
has no non-trivial central sequences) and that s(G) C Out(AT) is discrete w.r.t. the 
topology given by pointwise ||.||2 convergence. To prove this, it is first shown that 
G C Aut(AT) satisfies: 

Condition 5.1. There exist u\,U2..u n G U(N) and G > such that 

n 

EH^(^) - urfll! > C|lelli,V^ G G\ {e}, \fi G L 2 (iV). 

i=l 

Below we will also consider this condition for a set (not necessarily group) of auto- 
morphisms of N. In turn, (5.1.) easily implies the following: 



23 



Proposition 5.2 ([Jol]). Let (N, tn), (P, Tp) be two finite von Neumann algebras, let 
G be a countable, discrete group and a : G — > Aut(N,TN), (3 ■ G — > Aut(P,rp) be two 
actions. Denote by a : G — > Aut(N®P, tn x t~p) the diagonal product action and let 
M = (N®P)x a G. Ifa(G\{e}) c Aut(N, r) safe/ses fJ.i.J, thenN'nM" C {N®Pf . 

Proof. Let tti, G ZY(iV) and C > such that (5.1.) is satisfied. If G J} 
is an orthonormal basis for L 2 (P), then any a; G M C L 2 (M) can be written as 
a; = YljeJ geG^ x h9 ® £j) u g' f° r some ^,3 e L 2 (N). Using condition (5.1.) we get that 

n n 

i—1 i=l jeJ,gEG 

n n 

Y W UiX 3>9 - x 3,9 a g( u i)\\l = Y YW UlX i>9 - x 3,9 a 9( u i)\\2 > 

i=l j€J,g€G jeJ,g€Gi=l 

C Y W x ^\\l = C W X ~ E mP {x)\\lyx G M, 
jeJ,geG\{e} 

thus the conclusion holds true. ■ 
Next, we obseve that Bernoulli shift actions with non-amenable basis verify condition 
5.1. 

Proposition 5.3. Let P be a non-hyperfinite "actor and denote N = <S>^- F° r 
a permutation tv G S(N), denote by 9 n the corresponding automorphism of N . 

Then for all n G N, S n = {O^n G S(N),3i G {1, 2.., n}, n(i) ^ i} C Aut(N) satisfies 
condition (5.1.). 

Proof. Recall that by Connes' characterization of hyperfiniteness ([Col]), a II\ 
factor P is non-hyperfinite iff there exists u\, it2, •-, u n G U{P) and C > such that 

n 

Y 1 l«rf - toll! * °\ \Z\ \l ^^n = l 2 (p)®l 2 (p), 
i=i 

where H is endowed with the natural P — P bimodule structure, given by a(x <S> y)b = 
(ax) <g> (yb), for all a, 6 G P,x,y G L 2 (P). 

Note that is it sufficient to prove the case n = 0. Let n G Sq, then k = 7r(0) 7^ 0. 
Let {r]j}jeJ C (S)n\{o fc}-^" ^ e an orthonormal basis and identify (L 2 (P))o<S)(L 2 (P))k 
with 7i. Then any element £ G L 2 (N) can be written as £ = T,jXj £g> r^-, where G 

Thus 

n n 
Y W^iriUi) - £Ui\\l = ^2\\^2(XjUi - UiXj) <g> 7]j\\l = 
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i,j jeJ i=l 

C^IMa = C WZWi^ e G L 2 (N). 

jeJ 

■ 

If H is a non-amenable group then the left-right representation of H on l 2 (H x H) 
has no almost invariant vectors, hence the previous proposition can be proved for 
P = L(H) without making use of Connes' powerful result. 

Corollary 5.4. Let P be a non-hyperfinite Hi factor, G be a countable discrete group 
and denote M = P\G. Then P' n M w C (^ G P) U , thus, M'nM"C (<8) G ^T- 

6. Constructing central sequences via Ornstein- Weiss 

In the previous section we have shown that if N is a non-amenable Hi factor then 
for every countable discrete group G, central sequences in N I G have to assimptoticaly 
lie in §Q G N. On the other hand, if G is amenable, then we can use Ornstein- Weiss' 
Rokhlin's lemma to produce many sequences in (£) G N, which are central in iV I G. 
Using this, we will able to recover the core <S>g^- 

Recall the following consequence of Ornstein- Weiss' Rokhlin lemma: 

Theorem 6.1. ([OW]). Let G be an amenable group acting on standard probability 
space (X, n) by measure preserving transformations. Then for all e > and F C G 
finite, we can find Ki, .., K n finite (F, e) — invaried subsets of G (i.e. \KiAgKi\ < s\Ki\, 
for all g e F,i = 1, ..,n) and measurable sets Bi, .., B n C X such that 

(i) {KiBi\l < i < n} are disjoint, 

(ii) {tBi\t G Ki} are disjoint, 1 < i < n. 
(U^niUKiBi) >l-e. 

Theorem 6.2. Let N be a ll\ factor, G be an infinite amenable group and denote 
M = NlG. Let M D M be a Hi factor such that M and (® G N)' n M generate M 
(e.g. if M = M). Assume that Q C M is a regular von Neumann subalgebra such that 
M' n M w C Ct ' ■ Then a corner of (& G N can be embedded into Q inside M. 

Proof. Using the hypothesis we deduce that for all e > 0, there exists 5 = 5(e) > 
and F = F(e) C G finite such that if U G (M)i satisfies 




then 



U - E Q (U)\\ 2 < e. 
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Fix 1 > e > and let 5, F be denned as above. If A C iV is a MASA, then G acts 
on By applying the previous theorem to this action we obtain that there exists 

projections pi G V(($Q G A) and (F, o~ 2 /4)-invaried subsets K\, .., K n of G such that the 
projections (j>i)}i=T~n fe^K; are mutually disjoint and satisfy 

n n 

l-e + e 2 <r(J2 E ^(Pi)) = l^iKft) < 1- 

Next, we can find a finite set F" C G such that e<j T (pi)/2 <S>kA f° r an « = 1, n. Let 
g G G\(K~ 1 (UK i )~ 1 F) and denote by p the right Bernoulli shift action of G on ® G N. 
If we set g< = Pgipi), then C7 fci (ft) G 5r(gi) ® K . Kh N C ® G \ F iV and {^(ft)}i=T^,fc ie ^ 
is an (e — e 2 )- almost partition of unity, in the same sense as above. 

Now, let u G U{® G \[( UKi )-i F ]N) and set U = Y.7=i X^ex, °kMi U( li)- Using the 
fact that \KiAgKi\/\Ki\ < o~ 2 /4, for alH = l,n, and all g G F, we have the following 
estimates: 

n 

\W g (u)-u\\ 2 2 <4\\^2 °kMimi)\\l< 

i=l kiZKiXgKi 



gKi\T( qi ) < 4 max(|F, \ gK t \/\K t \) ]T |^|r(ft) < 

i=l, n 

4(o" 2 /4) = 5 2 ,V# G F 



i=l,n 

i=l i=l 



Since (^(ft) G5 r ( gi )/ 2 ® G \pN, for all z = l,n, and all fcj G Fj, we get that 



hence that £7 G<5 &) G \ F N. Thus, we must have that \\Eq(U)—U\\2 < £,or , equivalently, 
that 

Fact 1. If V = (UF^^F, then Vw G W(® G \ V iV) we have that 

n n 

II^E E a k l (qtuq l )) ~E E a kMi U( li)\\2<e. 

i=l kiEKi i=l kiEKi 

Since lim^y y G su P u6W (0" w) 1 1 [ u > <z] 1 12 = 0, for all q G (£) G N, we deduce that there 
exists W D V finite such that 



E E ^fe^)iii>E E r(ft)-£>(i- £ ) 2 ,v W GW((g) iv). 

i=l fciGKi i=l fciGKi 
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Let {vi\i = 1, m} = {Uk^i = 1, n, hi G K{\, where we denote by {U g \g G G} C U(M) 
the canonical unitaries implementing the action of G on (£) G N. Then the last inequality 
implies: for all e > 0, there exists W(e) C G finite, m = m(e) G N and {i>i}i=i,m partial 
isometries with mutually orthogonal supports such that 



||Sq(^W*)|| 2 > l-2e,V«eW(® 

Let {?7z}i>o be an orthonormal basis of M over Q and for all / > 0, denote by Pi the 
orthogonal projection onto L 2 (J2 i=l QVi)- 

Fact 2. For all e > 0, there exists /(e) such that 

i=0 

To prove this, first note that since Q C M is regular, we can find 1(e) such that 

m m 

\\Eq(J2 Viuv*) - E Q (J2 ViPi{e) (u)vi*)\\ 2 <£,V«G U(M) . 
i=i i=i 

By combining this with the above, we get that 

m 

\\Eq(J2 Vi p l(e) («)0 1 1 2 > 1 - 3e, Vu G W(® JV). 

1=1 

On the other hand, we have 

m m 

\\E Q (Y,^Pl { e)(u)v^)\\ 2 < \\Y,ViP Ke) {u)Vi*\\2 < ||P I(e )(u)||2,Vu G M, 
i=l i=l 

which entails 

\\P Ke) (u)\\ 2 >l-3eyueU((g) GW(£ N). 

Fact 3. For all e > 0, there exists k(e) > 1(e) such that 

fc(e) 
n=l 
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This fact is trivial since we can find g G G such that W(e)g 1 C G\W(e) and thus, 
by fact 2, 

1(e) 

i=l 

Finally, note that by the last two facts 

(® OW(e) JV ).(® lv(e) JV ) c„x>,v e >o. 

If e < 1/8, then As + As < 1, hence we can apply Corollary 1.2. (ii) to deduce that a 
corner of (£) G N embedds into Q. ■ 

Theorem 6.3. Let G, H be two ICC groups, one of them being amenable, let P and 
Q be two non-hyperfinite Hi factors and denote M = PlG, N = QlH . If 6 : M — > N 
is an isomorphism, then there exists u G U(N) such that u9((£) G P)u* = (£) H Q. In 
particular, G ~ H . 

Proof. After identification via 9 we may assume that M = N . Since M (respectively 
N) has non-trivial central sequences iff G (respectively H) is amenable, we deduce that 
both groups are amenable. Since P and Q are non-hyperfinite, we can apply Corollary 
2.4. to deduce that M 1 n M w C (® G Pf and that M' fl C (® H Qf. 

Using these inclusions and the fact that both <S>g^ an< ^ ®hQ are regular subfactors 
of M, we can apply Theorem 6.2. to get two <S>g^ ~ ®hQ Hilbert bimodules H, /C C 
L 2 (M), which are finite dimensional over &)qP and over ® H Q, respectively. 

Since G and H are ICC groups, we can use Theorem 8.4. in [IPP] to get the 
conclusion. ■ 

For a finite factor M, we denote by om the Bernoulli shift action of G on <§Q G M; for 
a cocycle action a of G on a Hi factor M and for t > 0, we denote by a 1 the induced 
cocycle action of G on M l . If two cocycle actions a and (3 are cocycle conjugate, 
then we write a ~ j3. Also, for two actions a, (3 of the same group G on M and AT, 
respectively, we denote by a (g> /3 the diagonal product action of G on M~®N . 

Proposition 6.4. Let N be a type II\ factor and let G be an oo amenable group. Then 

(i) F{N\G) =R* + . 

(ii) ((g) G iV c iV iG) ~ (0 G (A^®i?) c (A^®i?) 2 G), /or allt>0. 

Proof. Recall that by a result of Ocneanu ([Oc]) any two cocycle actions of an 
amenable G group on the hyperfinite Hi factor R are cocycle conjugate. Thus, if 
a, (3 : G — > Aut(i?) are cocycle actions and a : G — > Aut(M) is an action on a von 
Neumann algebra M, then the cocycle actions a® a and f3 ® a on PjgiM are cocycle 
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conjugate. Also, note that if a, (3 are two cocycle actions of the same group G, then 

(a ® /?)* ~ a* ® /3. 

If iV is a Hi factor, then by combining the above statements we get that ctjv* = 
(a Jv i/2®(TM 2 (C)) t ~ {cf N i/2®aR) t ~ cr A ri/2®cr^ ~ o n i/2®(Jr ~ ctat, hence, in particular, 
jF(iV ? G) = R?j_. The second claim follows in a similar way: a at ~ cr^i/a <8> cr Ma (c) ~ 

Since a result of Dykema-Radulescu gives that for all m,n > 2, there exists t > 
such that L(F m )* ~ L(F n ), by using the previous two results we get the following: 

Corollary 6.5. If 2 < m, n < oo and G, H are two oo ICC amenable groups, then 
L(¥ m lG)-L(F n lH) iffG~H. 
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